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5.7 Additional Techniques of Integration

1. [sin®z cos® vdz = [sin®z cos® z sinzdz = [(1 — cos® z) cos® x sinz dx

= [(1 — v*)u’(—du) [u = cosz, du = —sinz dx]
= [(u® = Du?du = [(u* —u? du=tu® — % ul+C = £ cos Pr—2LtcosPz+C
5 3
2, foﬁ/Z cos® zdx = f()w/?(cos2 z)?cosxdr = 0”/2(1 —sin? 2)? cos = dx
= fo 2 du [u = sinz, du = cos x dx]
:f01(1—2u2—|—u4)du:[u 2u +1u5]0 1-2+48H)-0=2%
3. fj72/4sm x cos’ rdr = f37r/4sm x cos’ COS.’de—f3ﬂ/4SIIl5.Z‘(1—Sin2 x) cos z dx
= flﬁ/2u5(17u2) du [u = sinz, du = cos z dx]
v2/205 7 _ 6 _1,8\V2/2 _ (1/8 _ 1/16 1y _ _ 11
VP =) du = [t = 3t = (M0 (A -4y =
4. [ sin®(maz)de = [(1 - cos® mz)sinmade = —L [ (1 —u?)du [u = cos mz, du = —m sin mx dx]
= —L(u—3u’) +C=—2L(cosmz — 5 cos’ mz) + C = 3= cos® ma — L cosma + C
5. [27 cos?(60) dO = 3 [ [1 + cos(120)] dO = § [0+ & sin(120)]27 = L [(27 +0) — (0 +0)] =
6. fow/z sin® z cos® x dr = OW/Q 1 (4sin® z cos® z) da = 077/2 1(2sinz cosz)’dr = % 07r/2 sin’ 2z dx
=1 OW/2 2(1 — cosdz) dr = % Oﬂ/2(1 — cosdz) dr = [z — isin4x]g/2 =3(3)

7. Let w = secz. Then du = sec x tan x dx, so
[ tan® z secz dz = [ (tan® z)(tanz secz)dzr = [(sec® z — 1)(secx tanx dx)
=[(v*—1)du=2u®—u+C=3lsec®z—secx+C
8. Let u = secx, so du = sec x tan x dx. Thus,
f tan®z sec’r dr = f tan*z sec’x (secx tanz) dx = f(sech — 1)2 sec’x (sec x tan x dx)
= [(v® = 1)*u? du = [(u® —2u* +u?) du
= %u7— %US—F %u?’—i—C: %sec7x— %sech—Q—%sec?’;v—i—C
9. Let u = tan «. Then du = sec? z dz, so
fw/ tan? x sec? x dx = fw/ tan® z sec’ z (sec® x dz) = fw/4 tan® z (1 + tan® z) (sec® = dz)
= f01u2(1+u2)du: fol(u2+u4)du: [ ud + 1u5]0 %-1— % = %
10. Let w = tan z. Then du = sec’z dz, so
[ tan*zsec®s dz = [tan*zsec*z (sec’z dx) = [ tan®z(1 + tan’z)® (sec’x dx)
= [v'(1+v*)du= [(u®+2u® +u")du

1,9, 2.7, 1.5 1 9 2 7 1 5
=gu” +zu' +zu’+C=gtan"r + £ tan'x + ¢ tan’zr + C
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M. © = 3 sin 0, where —7/2 < 0 < 7/2. Then dx = 3 cos 6 df and
V9 — 22 =+/9—9sin? 0 = v/9 cos26 = 3 |cos 0] = 3 cos . (Note that cos 6 > 0 because —m/2 < 6 < 7/2.)

Thus, substitution gives

— 2 2
/—ngfda::/?’Ls;(;:scosadaz/%daz/coﬁado

9 sin sin

:/(CSCQQ—l)dHZ—COtQ—Q—l-C

Since this is an indefinite integral, we must return to the original

variable z. This can be done either by using trigonometric identities to

. X
. . . . sin =7~
express cot 0 in terms of sin § = x/3 or by drawing a diagram, as 3

shown, where 6 is interpreted as an angle of a right triangle. Vo -2
Since sin 6 = /3, we label the opposite side and the hypotenuse as having lengths  and 3. Then the Pythagorean Theorem

9 — 2

gives the length of the adjacent side as /9 — 2, so we can simply read the value of cot 6 from the figure: cot 6 =
x

(Although 6 > 0 in the diagram, this expression for cot 6 is valid even when 6 < 0.) Since sin § = x/3, we have

Jo = 12 VA

0 = sin~!(z/3) and so / 9—233 dx = _v9—a? sinfl(z) +C.

T T 3

12. x = secd, where 0 < § < w/2 orm < 6 < 37w /2. Then
dx = sec tan 0 df and X
X x*—1
Va2 —1=+/sec20 — 1 = Vtan? 0 = [tan | = tan @ (since 7 sec§=7
tan 6 > 0 for the specified values of 6). Thus, substitution gives 1
7 2 . 2
/—ledaz:/ tand .9 tan@d@:/tan Hdaz/sm 0 @ cos®0dp
xt sect 0 sec? 0 cos? 6
= /sin2 0 cos6df = /quu [u = sin6, du = cos 0 df)]
57— 3 2 1 3/2
:lu?’—i—C:lsin?’e—i—C:1 ver -1 +C:u+c
3 3 3 T 33
13. x = 2tan @, where —7/2 < 6 < 7/2. Then dz = 2sec? # df and
Vo2 +4 = ,/(2tan0)? + 4 = V/4tan20 + 4 NI
X
X
= /4(tan? 0 + 1) = 2 V/sec2 0 = 2[sec )| tan ¢ =7

= 2secf [sincesecf > 0 for —7w/2 < 0 < 7/2].

Thus, substitution gives

1 1 9 1 sec 6 1 1 cos? 0
- r= ——= (2 R L N N S
/ 2222 + 4 de / 4tan? 0 (2sect) (2sec”0d0) 4 / tanZ 0 40 4 / cosf sin?6 a0

1 cosf 1 1 . B
_Z/mda_z/u—Qdu [u = sin 6, du = cos 0 df]

2 2
:1<_%)+C:_1 1 +C—_1.$7H+C:_LH+C

4 4 sinf 4 T 4x
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14. (a) — [3(secO tan 6 + In|sec§ + tan 6]) + C|

S

= %<5e09-5e029+tan6~se09 tan 6 + - sec tan 6 + sec? 9) +0

secf + tan 6

sec O (tan 6 + sec 0)
sec + tan 6

2
= %[seCO (sec2 0 + sec? 6 — 1) + sec@] = %sece [(2sec2 60— 1) + 1]
% sec 6 (2 sec? 0) = sec? 6.

_1 [sec 0 (sec® 0 + tan® ) +

Thus, [ sec® 0 df = 3 (sec tan6 + In[sec§ + tan6]) +

(b) As in Exercise 13, we use the substitution 2 = tan @, where —7/2 < 6 < 7/2. Then dz = sec” 6 df and

Va2 +1=+vtan?0 + 1 = v/sec2 0 = |sec | = sec (since secf > 0 for —7/2 < § < 7/2). When z = 0,
tanf =0 = 60=0,andwhenx =1,tan0 =1 = 0= 7. Thus, substitution gives

[} VaZ+1de = ﬂ/4se(:9(sec 0do) = ﬂ/4sec 0do = [5(sect tan9+1n\sec€+tan9|)]
(V214 m|[vV2+1]) = (1-0+1n[140])]
A [VE+In(vE+1)]

15. Lett = secf, so dt = sec tan0dh, t =2 = 0=7,andt =2 = 0= %. Then

S L | pranodo = [ L= [ cosoan
/\/5 BVE 1 x/a sec 0 tanf secv tan /7r/4 sec? 0 /77/4 o

/3 . /3
fw//4 (1 + cos26) 0:%[0+%sm20]ﬂ§4

_ s V3 s
—%[(EJF%Tg) - (5+
16. Let © = 4sinf, where —7/2 < 0 < x/2. Then dz = 4 cosf df and

V16 — 22 = /16 — 16sin*? § = /16 cos2 @ = 4 |cos | = 4cosf. Whenx = 0,4sinf =0 = 0 =0,

and when z = 2/3,4sin0 =2+/3 = sinf = @ = 0= % Thus, substitution gives

/3 43 /3
/ 4 sin’ 0 4cosdl = 43/ sin® 0 d6
0

N[

D) =3(5+F-5)=5m+E-1

3
x
/0 \/16—.%'2
1/2
—43/ (1 — cos” 0) sin9d9:f43/ (1—u?®)du [u = cosx, du = —sinz dx]
0 1
/2 _
= —64[u - 5°],"" = —64[(5 — 57) — (1= 5)] = —64(-57) =

Or: Letu =16 — 22, 22 = 16 — u, du = —2x dx.

17. Let x = 2sin 6, where —7/2 < 0 < 7/2. Then dz = 2 cos 0 df and

2
VA4 — 22 = \/4 — 4sin?0 = /4 cos20 = 2|cos 0| = 2cosb.
2cosf 1 0
Th df = 0do
us, /acQ /I — 22 /4sm29 (2cos0) 4/CSC Ja—
VI—w

:—%cot@—i—C:— +C  [see figure]

4x
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. Let z = tan 6, where —7/2 < 6 < /2. Then dx = sec’0 df and /22 + 1 = v/tan?0 + 1 = v/sec20 = |sec 0] = sec 6.

3 3
Then / S - / M sec’0do = /tan395ec9d0 = 1. Now let u = sec @, so du = secf tan 6 df and
Vi +1 sec O

I = [tan®@ (secOtan6 df) = [(sec’d — 1) (secOtanddf) = [(u® — 1) du

:%ug—u—i—C:%secgﬁ—sece—l—C:%(m2+1)3/2—(w2+1)1/2+0

(@) 2x A n B
' (r+3)Bx+1) x+3 3x+1
) 1 B 1 1A, B _C

3+222 4+ x(@2+2r+1) zz+1)?2 z x+1 (x+1)2
(@) T _ T A n B
' 2+r—2 (2+2)(z—1) =x+2 z-1

z’ (2> +2+42)— (z+2) z 42

(b) = =l- -

22 +x+2 2 +x+2 2 +xz+2

Notice that 22 + 2 4+ 2 can’t be factored because its discriminant is b2 — 4dac = —7 < 0.

S5+ 1 A

B
. = . Multiply both si 2z 4 1)(z — 1 1=A(z— 1)+ B2z + 1
CEESCES)) 2x+1+x—1 ultiply both sides by (2x + 1)(z — 1) to get 5z + (r—1)+BR2z+1) =

5z+1=Ax—A+2Bx+B = 5z+1=(A+2B)z+ (—A+B).

The coefficients of = must be equal and the constant terms are also equal, so A + 2B = 5 and

—A + B = 1. Adding these equations givesus 3B =6 < B = 2, and hence, A = 1. Thus,

5z + 1 1 2 .
T gr= [ (— =lln2e+1|+2mnjz—1|+C.
/(2:c+1)(;r—1)dx /(2m+1+x1> do=3zmnf2z+1]+2mfz—1]+C

Another method.: Substituting 1 for z in the equation 5z + 1 = A(x — 1) + B(2z + 1) gives6 =38 & B =2.

Substituting —% for x gives —% = —%A & A=1

r—4 A
"22—-5r+6 x—2

+ x? 3 Multiply both sides by (z — 2)(x — 3)togetz —4 = A(x —3) + Bz — 2) =

x—4=Ar—-3A+Bx—2B = x—4=(A+B)zx+ (-34A—-2B).
The coefficients of z must be equal and the constant terms are also equal, so A + B = 1 and —3A — 2B = —4.

Adding twice the first equation to the second givesus —A = —2 <« A = 2, and hence, B = —1.Thus,

1 1
z—4 2 1 )
- de= — de=[2In|z —2|—In|z —3
/0x2—5x+6 v /0(56—2 x—3> z=[2In|e | —Infz o

=(0-In2)—(2In2—In3) = —3In2+1n3 [or In ]

Another method.: Substituting 3 for x in the equation x — 4 = A(z — 3) + B(x — 2) gives —1 = B. Substituting 2 for
gives —2=-A & A=2

1 1 A B
. = = . Multiply both sides b 1)(x—1)togetl=A(x—1)+ B 1
21 GiDE-D 3:+1+:c71 ultiply both sides by (z + 1)(z — 1) to ge (r—1)+B(z+1) =

1=Ar—A+Bx+B = 1= (A+ B)x+ (—A+ B). The coefficients of = must be equal and the constant terms are
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also equal, so A + B = 0 and —A + B = 1. Adding these equations givesus 2B =1 & B = %, and hence, A = —%.

Thus
3;d$— ’ ﬂ—}—i dx—[—lln\x+1|+lln|x—1|]3
s 21" [y \z+1 -1 b2 2 2

=(-3ln4+3In2) — (—3In3+1Inl) = 1(In2+In3 —1n4) [or5In3]
Another method: Substituting 1 for z in the equation 1 = A(z — 1) + B(z + 1) gives1 =2B & B =1.

Substituting —1 for z gives 1 = —24 & A= —%.

x4+ 2x—1 z? 4+ 2x—1 A B C . .
24, P -2 2@ DE-1 = + o + 1 Multiply both sides by z(x + 1)(x — 1) to get

2> +2r—1=Alx+1)(z—-1)+Bzx(z - 1)+ Cz(z+1) =

2? +2x —1=A2> — A+ B2*> —Bx +Cx* +Cx =

2> +2r—1=(A+ B+ C)2® + (=B + O)x — A. Equating constant terms, we get —A = —1 < A =1.
Equating coefficients of 2% gives 1 = 1+ B+ C < 0= B+ C . Equating coefficients of x gives 2 = —B + C.
Adding these equations gives 2 = 2C' < (' =1, and hence, B = —1. Thus,

2 _
x” + 2z 1d:c: l_ L +—1 d;g:]n|:1:|—ln|x+1|+ln‘x—1|+czln
13—z r xz+1 x—1

Another method: Substituting 0 for z in the equation 2> 4+ 22 — 1 = A(x + 1)(z — 1) + Bx(x — 1) + Cx(x + 1)
gives —1 = —A <& A = 1. Substituting —1 for x gives —2 = 2B <« B = —1. Substituting 1 for x gives
2=2C & C=1.

25. = . Multiply both sides by (z — 1 9) to get
(x —1)(x2 +9) :c—1+x2+9 ultiply both sides by (z — 1) (z* + 9) to ge

10 = A(2® 4+ 9) + (Bz + C)(x — 1) (%). Substituting 1 for = gives 10 = 104 < A = 1. Substituting 0 for x gives

10=9A—-C = C =9(1)— 10 = —1. The coefficients of the 2*-terms in (x) must be equal,s00 = A+ B =
B = —1. Thus,

/ 10 dz—/ 1 +—x—1 dx—/ 1z 1 du
(x —1)(z? +9) n x—1  x2+49 N x—1 2249 2249

=Inlz — 1| — $In(z® +9) — s tan™ " (£) + C

In the second term we used the substitution u = z2 4+ 9 and in the last term we used Formula 10.

222 4+ 5 Az+B Cx+D , . 5 5
26. = . Multipl th 1 4) to get
6 CES T o + o Mu iply both sides by (2% + 1) (2% 4 4) to ge

20 +5=(Az+ B) (2> +4) + (Cz+ D) (* +1) &

20° +5 = (Az® + Bx? 4+ 4Az +4B) + (C2® + D2* + Cz + D) &

22° +5 = (A+C)2® + (B + D)2® + (4A + O)x + (4B + D). Comparing coefficients givesus A +C =0, B+ D = 2,
4A 4+ C =0,and4B + D = 5. Solving givesus A = C = 0and B = D = 1. Thus,

2x2+5 1 1 1 1 1
——————dx = —— +——]dz =t =t z .
/(x2—|—1)(m2+4) T /<x2+1+m2—|—4> T an -z + 3 tan (2)+C’
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28.
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:L‘3+x2—|—2x+1_A:l:+B Cx+D
(22 +1)(z2+2) 22+1 x? +2

. Multiply both sides by (x2 + 1) (a:2 + 2) to get

2’ +3°+2z+1=(Az+ B)(2*+2) + (Cx+ D)(2* +1) &
2’ 4+ 2 + 2z + 1 = (A2® + Ba? + 2Az + 2B) 4+ (C2® + D2® + Cz + D) &
23+ 2° +2r+1=(A+C)z® + (B+ D)x® + (2A + O)x + (2B + D). Comparing coefficients gives us the following
system of equations:
A+C=1 (1) B+D=1 ()
2A+C =2 () 2B+D=1 @4

Subtracting equation (1) from equation (3) gives us A = 1, so C' = 0. Subtracting equation (2) from equation (4) gives us

3 2
z° 42" +2r+1 T 1 z 9
B = D =1.Thus, I = dr = ———+ ———=)dz. F ——dx, letu = 1
0, s0 s, /(x2+1)(ac2+2) v /<x2+1+a¢2+2) :c Or/:v2+1 T, et = 2" +

sodu:2xdmandthen/de:l/%du:lln|u|+C’:

1
In(z® +1 .F —
oS 5 n(z*+1)+C or/x2+2dx,use

1
2
1 -1 X

dr = — — +C.

2
1 1
Formula 10 with a = v/2. So/—dx = /— tan
22 + 2 x2+(\/§)2 V2 V2

Thus, I = %ln(gc2 + 1) + L tan—t +C.

V2 V2

x2—m+6_m2—m+6_é Bz +C

. 2 2 A2
pre il g Ml g B . Multiply by z(2? + 3) to get 2* — . + 6 = A(2® + 3) + (Bz + C)x.

Substituting 0 for = gives 6 = 34 < A = 2. The coefficients of the z?-terms must be equal, so1 = A+ B =

B =1 — 2 = —1. The coefficients of the z-terms must be equal, so —1 = C'". Thus,

22 —x+6 2 —r—1 2 x 1
Z T dr = = —\dx= - = 4
/ 2 +3z /<x+x2+3> v /(x x% +3 x2+3> v

=2In|z| — %ln(x2+3) —%tan_l%—i—C

29./ s dm:/wdx:/ 1+L dr =z +6lnjx—6/+C
z—6 z—6 z—6

r? r’—16 = 16 16
30. /T+4dr—/( r+4 +T+4>d7“—/<7“—4+m>dr [or use long division]

31.

=1r’ —4r+16Injr +4/+C

3
x° +4 —4xr + 4

= —— . Th
2 44 T 2 4+ 4 s,

x By long division,
1‘2‘1'4‘:53 + 0z + 0z + 4
x> + 4z
—4z +4

44 —dz 44 4z 4
/x2+4d9c—/(zv—i-m)dx—/(x—x2+4+x2+22)dx

]. 2 1 2 1 1 X ]. 2 2 1 X
:537 —4~§ln‘a: +4|+4-§tan (§>+C:§x —2In(z* +4) + 2tan (§>+C
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32,

33.

x3—4x—10_1+1+ 3r—4 Write =4 _ A B Lo
2—x—6 (x—3)(z+2) (x=3)(z+2) z-3 z+2
3r—4=A(x+2)+ B(x —3). Takingr =3andz = -2, weget5 =54 < A=1land—-10=-5B < B=2,

SO
1

1.3 1
z° —4x — 10 1 2 1,
/0 S, & /0 <:zr—|— to—5 3 2) x [295 +2z+Infz— 3]+ 2In(x + )0

=(3+1+m2+2m3)—(0+0+In3+2m2)=3+mm3-m2=35+In

Letu = /7, so u?> = x and dz = 2u du. Thus,

16 4 4 2 4
/ x\/id:c:/ - 42udu:2/ = 4du:2/ <1+u24 4>du [by long division]
9 - 3 - 3 - 3 -

4 du
:“8/3 EDIUED L

Multiply o 2)1(u —5 == _'A_ 5 + ulj 5 by (u+2)(u —2) to get 1 = A(u — 2) + B(u + 2). Equating coefficients we

get A+ B =0and —2A + 2B = 1. Solving givesus B = 7 and A = —1, so (u+2)1(u —5) = ;:_/;1 + u1£42

and (%) is

47 4 4
2—|—8/ /4 14 du:2+8[—%ln|u+2|+iln|u—2|} :2+{2ln|u—2|—21n|u+2\}
3 \u+2 wu—2 3 3

u—2 4
=24+2[1 =242(In2 —Ini)=2+2In28
+ [nu H + (ne n5) +2In7x

+2]],

=2+2Ing or 24+ m(3)’ =2+ %

34. Letu = \/z + 3, s0u? = = + 3 and 2udu = dz. Then

/ dx _ / 2u du _ / 2u du — / 2u du. Now
2vVr+34+4z ) 2u+(@w?-3) ) w2+2u—-3 ) (u+3)(u—-1)

2u o A B o . o . o 1
CEE R u+3+u—1 = 2u= A(u—1)+ B(u+ 3). Setting v = 1 gives 2 = 4B, s0 B = 3.

Setting u = —3 gives —6 = —4A, so A = 2. Thus,

[ e[ ()

=3lnfju+3/+ilnju—14+C=3In(vz+3+3)+3In|vVz+3-1|+C

B2’ tr+l=a?+2+ % +1-— % [add and subtract the square of one-half the

coefficient of = to complete the square]

2
—attatdtd= (04 2)+ ()

SoI:/ = dz :/ ! s> dr. Nowletu =z + 1 = du=drand
T ey ()
2 2

1 1 o 2 ) 12041
I:/idu:—tan — +C=—tan  —=—= +(C = —tan
u2+(—3)2 @ ? V3 V3 V3 V3

+C.
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36.3-20—2°=3—(2"+22)=3— (2 +20+1—1)=4— (z+1)°,

1= == | e

Letx + 1 = 2sin6, where —7/2 < 0 < /2, so dx = 2 cos 0 df and

V4 —(r+1)2=1+/4—4sin?0 = 2V cos? 0 = 2 |cos O] = 2cosb.

Thus, inf —
I:/szc—fsgl@cos@de):/(2sin971)d9
V - - 2 . —
:—2C059—9+C:—2$—sm 1%“—}-0
:—\/3—2x—x2—sin_1x+1+0

2

5.8 Integration Using Tables and Computer Algebra Systems

Keep in mind that there are several ways to approach many of these exercises, and different methods can lead to different forms of the answer.
1. Let u = 7z, so that du = 7 dx. Then
[ tan®(rz) dz = [tan® u(L du) = L [tan® udu £ L1l tan’u+In|cosul] + C
= % tan?(rx) + % In |cos (wx)| + C

260

2. / ¢ sin30d9 = -

G (2sin 30 — 3cos30) + C = 2¢e*?sin30 — 2>’ cos 30 + C

13 13

3. Letu = 2z and @ = 3. Then du = 2 dx and

/ da :/ sdu  _,f_du ow VePiaR
2 2
$2\/4$2+9 uzm u2\/(12+U2 a“u
VAax? V4x?
=2 9x2:9+02_ 93;9“’

3

1 6 1 1

———dr= | ——5———(zd — 2, du = 2d

L wm= | my (5] o2nais2an

[0 __du 452{@2—7]6_2(\/@ 3)_@ 3
4

4 u2\/u2—7: Tu 42 _%

21 14

5. Let u = €7, so that du = e dz and €3* = w2. Then

e @ d
/62 arctan(e”) dx = /u2 arctan u <_u) = /uarctanudu
u

%u2+1

1 1
arctanu — % +C = §(€2m + 1) arctan(e®) — §eI +C
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dv=e"dr = du=(k+1)z"dz,v=e", we get

k ko
[oF e do = 2"t le” — (k+ 1) [2Fe” dv = 2T 1e” — (k + 1) [e‘r S (=1 k— ml}
k ko ) |
— et Ik+1 7 (k+ 1) Z(il)kfz %(EZ] _ [ k+1 + Z( )k it+1 (k’—}— 1)k .TZ:|
i=0 ! !
m ki (RED!
20 a "

This verifies S, for n = k + 1. Thus, by mathematical induction, .Sy, is true for all n, where n is a positive integer.

5.9 Approximate Integration

467

1. @ Az=(b—a)/n=(4—-0)/2=

L= 5231 F@io1) Az = (o) -2+ f(z1) -2 = 2[£(0) + £(2)] = 2005+ 2.5) = 6
Ro= > f(o:) An = fa1) -2+ f(z2) -2 = 2[£(2) + (4)] = 2(2.5+ 3.5) = 12

Mz = > f(@)Az = f(T1) 2+ f(T2) - 2=2[f(1) + f(3)] = 2(1.6 + 3.2) = 9.6

(b) Lo is an underestimate, since the area under the small rectangles is less than
the area under the curve, and R; is an overestimate, since the area under the
large rectangles is greater than the area under the curve. It appears that My

is an overestimate, though it is fairly close to I. See the solution to

Exercise 39 for a proof of the fact that if f is concave down on [a, b], then

of "1 2 3 4 the Midpoint Rule is an overestimate of f; f(z)dx

(©) Tz = (5 Az)[f(x0) + 2f(x1) + f(=2)] = 5[f(0) + 2f(2) + f(4)] = 0.5+ 2(2.5) + 3.5 = 9.
This approximation is an underestimate, since the graph is concave down. Thus, 75 = 9 < I. See the solution to

Exercise 39 for a general proof of this conclusion.

(d) For any n, we will have L,, < T}, < I < M, < R,,.

2, y The diagram shows that L4 > Ty > fo x) dx > Ra, and it appears that
1
My is a bit less than f o f(z) dz. In fact, for any function that is concave
y=f(x) upward, it can be shown that L,, > T}, > fo x)dx > M, > R,.
|
0 '2 X

(a) Since 0.9540 > 0.8675 > 0.8632 > 0.7811, it follows that L,, = 0.9540, T,, = 0.8675, M,, = 0.8632,
and R,, = 0.7811.

(b) Since M < [ f(x)dr < Ty we have 0.8632 < f f(x) du-< 0.8675:
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3. f(z) =cos(2?), Aw =12 =

@ Ty =75 [f0)+2f(3) +2f(3) +2f(3) + f(1)] = 0.895759
(b) Ma = 5[f(5) +£(§) + £ (§) + /(§)] ~ 0.908907

The graph shows that f is concave down on [0, 1]. So T4 is an

underestimate and My is an overestimate. We can conclude that

0.895759 < [ cos(z?) dz < 0.908907. 0

4. 02

(a) Since f is increasing on [0, 1], L2 will underestimate 7 (since the area of
the darkest rectangle is less than the area under the curve), and Ry will
overestimate I. Since f is concave upward on [0, 1], M> will under-

estimate I and 75 will overestimate I (the area under the straight line
| segments is greater than the area under the curve).
0

(b) For any n, we will have L,, < M,, < I <T, < R,,.

(c) Ls = ;E)lf(a:i_l) Az = £[f(0.0) + f(0.2) + f(0.4) + f(0.6) + f(0.8)] ~ 0.1187
. zi;l F(@i) Az = L1[£(0.2) + £(0.4) + £(0.6) + £(0.8) + f(1)] ~ 0.2146
_ é F@) Az = L[£(0.1) + £(0.3) + £(0.5) + F(0.7) + £(0.9)] ~ 0.1622
Ty =

(1 AZ)[£(0) + 2£(0.2) + 2£(0.4) + 2(0.6) + 2£(0.8) + f(1)] ~ 0.1666

From the graph, it appears that the Midpoint Rule gives the best approximation. (This is in fact the case
since I ~ 0.16371405.)

5. (@) f(@) = == Am:“T“:%:é
Mo = 3 [f (5) + F(55) + f(55) + -+ f (35)] = 0.806598

() Sio = 25 [7(0) +47(3) +2(2) +47(2) +27(2) + -+

2
X
Actual:I:/O mdm—[ In |1+ z* |] [u=1+2" du = 2z dr]

=3In5—2Inl=3In5~ 0.804719

Errors: Ep = actual — M1g = 1 — Mg ~ —0.001879

Es = actual — S190 = I — S10 =~ —0.000060

b—a w©—-0 7
6. (a) f(xr)=xzcosz, Azx= — =g =1

)+ )+ () +f(F)] ~ —1.945744

+4f(F) +2f(F) +4f () + f(7)] = —1.985611

Actual: 1= [[xcosxdr = [:Esina:—i—cosx};r
— (04 (1)) = (0+1) = —2

Errors: Ep = actual — My = 1 — My =~ —0.054256

Ms=Z[f (%
(b) S1 = 75 [f(0)

[use parts with u = = and dv = cos = dx]

FEs.— actual - Sy =1 — Ss/~ —0.014389



10.

1.

12.

13.

14,

SECTION 5.9 APPROXIMATE INTEGRATION I

@) Ts = 15| ) D+ +2f(2) +2f(3) + f(2)] = 2413790
O M= [T (3) + 72) o0 7(2) + ()] m 2411453
(© Ss = 75 [7(0) + 47(2) + 27(3) + 47(3) + 270 +4£(3) +21(3) + 47 (3) + (D] ~ 2412232
f(z) =sin(z?), Az = 2 4_0 = %
@ Ta = 55 [£(0) +2f(5) +2/(5) +2/(3) + /(3)] ~ 0.042743
(®) Ma = 5[f(55) + /(35) + f(55) + /(35)] ~ 0.040850
© 81 = 55 [£(0) +4/(5) +2/(3) +4f(§) + /(3)] ~ 0.041478
Inx 2—-1 1
J@) =158 = 5 =1

(@) Tro = 155 [f (1) + 2f(1.1) + 2 (1.2) + - - + 2f(1.8) + 2f(1.9) + f(2)] ~ 0.146879

(b) Mio = & [f(1.05) + f(1.15) + - - + f(1.85) + f(1.95)] A 0.147391

(©) Si0 = o5 [f (1) + 4F(1.1) + 2£(1.2) + 4£(1.3) + 2f(1.4) + 4f(1.5) + 2 (1.6) + 4f(1.7)
+2f(1.8) +4f(1.9) + f(2)]

~ 0.147219
1 3-0 1

=1y ="5 2

@) Ts = 75 [F(0) +2f (%) +2f(1) +2f(2) + 2f(2) + 2f(2) + f(3)] ~ 0.895122

0 M = 3[£(3) + 7 (3) +7(3) +F(3) + 7 (3) + 7 ()] ~ 0895478

(©) Se = 75 [f(0) +4f(3) +2f(1) +4f(2) +2f(2) +4f(2) + f(3)] ~ 0.898014

f(t) = sin(e/?), At 2 ;0 = %

@) Ts = 55 [f0)+2f(55) +2f (&) + -+ 2f(5%) + f(3)] = 0.451948

(0) Ms = 5[/ () + () + () + -+ (3) + /()] ~ 0451991

(©) Ss = 155 [£(0) +4f (55) + 2/ (F5) + - +4f(55) + £(3)] = 0.451976

fz) = 1+\/5,Ax—4—;0 :%

(@) Ts = 55 [f(0) +2f(5) +2f(1) +--- + 2f(3) + 2f () + f(4)] = 6.042985

®) Ms = 3[f(3) + F(3) +--+ F(2) + f(2)] = 6.084778

(©) Ss = 55 [£(0) +4f(3) +2f(1) +4f(3) +2f(2) +4F(5) +2f(3) +4f(%) + f(4)] ~ 6.061678

f@) = eVisint, At = % = %

@) Ts = 755 [f(0) +2f(3) +2F(1) +2f(2) + 2f(2) +2f(2) + 2f(3) + 2f(%) + f(4)] ~ 4.513618

(2) + (D) +7(2) +F(F) + F(F) + £(2)] = 4.748256
2f(1) +4f(2) +2f(2) +4f(5) +2f(3) +4f(3) + f(4)] ~ 4675111
f(x) = cos vV, Ax = =0 = 2=04

(@) Tio = £25 [£(0) + 2f(0.4) + 2(0.8) + - -- + 2f(3.2) + 2(3.6) + f(4)] ~ 0.808532
(b) Mio'=2[£(0:2) + £(0.6) +F(1)+--+F(3.4) ¥ f(3.8)] ~ 0.803078
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